Exploiting the millimeter wave (mmWave) band has recently attracted considerable attention as a potential solution to widespread deployment of device-to-device (D2D) communication challenges, namely, spectrum scarcity and interference. However, its directional nature makes the utilization of mmWave band a challenging task as it requires careful beam alignment between the D2D transmitter and receiver. In this paper, we investigate the impact of inaccurate angle-of-arrival (AoA) estimation as a beam alignment impairment on the performance of a directional mmWave D2D network. We have used tools from stochastic geometry to quantify the signal-to-interference-plus-noise ratio (SINR) coverage probability in the presence of beam misalignment, which can be applied to evaluate D2D network performance. Moreover, the analytical results are verified to be reliable and effective through extensive simulations. Finally, the coverage probability of the D2D network with erroneous beam alignment is compared to the network with perfect beam alignment. The numerical results indicate that the beam misalignment can lead to significant losses in the network's coverage probability.
I. INTRODUCTION
Device-to-device (D2D) communication is envisioned to be an integral part of the fifth generation (5G) cellular networks [1] . Despite its potential advantages, the large-scale implementation of D2D communication has been delayed mainly due to spectrum scarcity in sub-6 GHz band, which leads to severe multi-user interference (MUI) [2] . Utilizing the abundant unlicensed bandwidth in the millimeter wave (mmWave) band is seen as a promising candidate for addressing D2D communications impediments [3] .
Radio propagation at mmWave band encounters several obstacles such as sever path-loss and sensitivity to blockage [4] . The small wavelength of mmWave signals, however, facilitates implementation of large directional and high-gain antenna arrays on D2D devices, which helps to compensate for additional path-loss [5] . This, in turn, introduces a new challenge to D2D communication, as achieving the maximum directivity gain in a highly directional mmWave band system requires the transmitter and receiver to be precisely aligned.
In the implementation of directional antennas, the angleof-arrival (AoA), which represents the angle of incidence of incoming signal power, is acquired to enable D2D devices to steer and align their antenna bore-sight toward the desired signal. In practice, the AoA estimation is not completely accurate due to multiple sources of error such as antenna configuration perturbations and mobility of devices [6] . Any error in estimating the AoA leads to beam alignment error, which subsequently may cause significant array gain variation or even signal outage at the receiver. Hence, it is crucial to analyze the impact of beam alignment error on the performance of the mmWave D2D network.
Nevertheless, a majority of research work in the area of directional mmWave band communication assumes perfect beam alignment [7] - [9] . We note several works that explicitly account for alignment error in directional wireless networks [6] , [10] - [12] . Authors in [6] , investigated the impact of an erroneous uniform linear array beamformer on network outage probability and reported a degradation in the network's performance in the presence of beamforming error. A stochastic geometry framework is used in [11] to capture the effect of beam misdirection using the flat-top antenna model. The loss in the capacity and signal power due to misalignment in a mmWave band directional communication network is quantified in [12] and [10] , respectively. However, most of the existing analyses are either performed in sub-6 GHz band or failed to consider the sensitivity of mmWave band communication to blockage. For analytical tractability, some works adopted the simplified flat-top antenna model, which fails to provide an accurate model for network assessment. Others merely assumed small alignment errors for tractability, which is not a valid assumption for mmWave band D2D network due to the users' mobility. We are aware of no work that considers the impact of erroneous beam alignment while taking into account all of the mentioned gaps simultaneously.
In this paper, we analyze the impact of inaccurate AoA estimation on the coverage probability of a directional mmWave D2D network, where the network elements are modeled as a homogeneous Poisson point process (PPP). The directional antenna is approximated by adopting the cosine antenna model, which compared to the simplified flat-top model, provides a better approximation for the antenna pattern. The erroneous beam alignment due to AoA estimation is characterized by uniform and Gaussian distributions. We have used tools from stochastic geometry to derive the distribution of the received signal and interference, which is used to quantify the network performance. The analytical results are shown to be computa- tionally precise through numerical evaluation. Lastly, in order to assess the impact of alignment error, the performance of the D2D network with beam misalignment is compared to the one with perfect beam alignment. Simulation results show that network performance in term of coverage probability can be affected significantly by beam misalignment. The remainder of this paper is organized as follows. The system model and performance measure are described in Section II. The beam misalignment along with the directional antenna gain distribution in the presence beam alignment error is characterized in Section III. Then the coverage probability, as well as the impact of antenna misalignment for the mmWave D2D network, are derived in Section IV using stochastic geometry. Numerical results are presented in Section V and finally, conclusions are drawn in Section VI.
II. SYSTEM MODEL
We consider a directional D2D network in the mmWave band in which D2D transmitters are spatially distributed according to a homogeneous Poisson point process (PPP), denoted as Φ = {x i } with density λ, where x i ∈ R 2 denotes the location of i-th D2D transmitter. Random size rectangular building blockages are also distributed randomly by another independent PPP. Figure 1 shows a sample realization of the network. Using the proposed mechanism in [9] , all D2D transmitters are assumed to have a LOS corresponding receiver in its coverage area, and at least one packet ready for transmission. Without loss of generality, we consider that each D2D receiver has a single receive antenna and its corresponding D2D transmitter is equipped with an array of antennas which allows directional transmission, as depicted in Figure 2 . Since we have no prior information about the D2D transmitter's antenna bore-sight angle, denoted by ϕ i , it is modeled as a uniform random variable as ϕ ∼ U(−π, π). Sidestepping the problem of power control, all D2D transmitters are transmitting at a constant transmit power P D . Each communication link experiences i.i.d small-scale Rayleigh fading. Hence, the received signal power can be modeled as an exponential random variable with parameter 1. Moreover, no prior coordination among devices for interference mitigation is assumed. Here, we use the signal-to-interference-plus-noise ratio (SINR) coverage probability as a metric to assess the performance of the network. The coverage probability is defined as the probability that the received SINR is higher than a predefined threshold γ, i.e., p c (γ) = P[SINR ≥ γ]. The performance metric is obtained for a typical D2D transmitterreceiver pair with the receiver located at the origin (0, 0) ∈ R 2 , while the result holds for any generic D2D pair, based on the Slivnyak's theorem [13] .
The SINR for the typical receiver can be written as
where h 0 represents the corresponding transmitter's channel gain. Directional antenna gain is parameterized by G 0 (θ), where θ represents the antenna angle, C symbolizes the pathloss intercept and α is the path-loss exponent. The distance between the typical receiver and its transmitter at x 0 is denoted by d 0 = x 0 , and . represents the Euclidean distance. Finally, σ 2 and I represent the noise power and aggregate interference, respectively. Blockage model-In order to model the blockage effect in the mmWave band, we use the line-of-sight (LOS) ball model [7] , in which the actual shape of the LOS region around each D2D receiver is approximated as a fixed-sized ball with radius R. Since NLOS transmission in mmWave band suffers from high attenuation, only the interference from LOS D2D transmitters are considered and NLOS transmissions are neglected [4] . Based on the LOS ball model definition, all LOS D2D transmitters nearby the typical D2D receiver are located inside a disk of radius R centered at the origin. We note that using the thinning theorem of PPP [13] , LOS D2D transmitters form a PPP, denoted by Φ L , with density λ L .
The aggregate interference received by the typical D2D receiver can be defined as
where h i denotes channel gain of i-th LOS D2D transmitter located at x i ∈ Φ L . The antenna gain of D2D transmitter is characterized by G i (β i ), in which β i = |ϕ i − θ i,0 |, and θ i,0 is the angle between i-th transmitter and the typical D2D receiver, as shown in Figure 2 . Note that the antenna angle of interferers, denoted by β i , is independent of the location of points in PPP, Φ L , and can be considered uniformly distributed as ϕ i has uniform distribution [11] .
III. DIRECTIONAL ANTENNA AND ALIGNMENT ERROR
The directional antenna pattern is modeled using the cosine function. The cosine model provides a better approximation for antenna main-lobe [14] , compared to the flat-top model which is widely used in the literature [7] , [11] , [15] . The antenna gain can be defined as
where G m represents the maximum gain, and τ controls the spread of antenna beam. θ symbolizes the antenna angle relative to the antenna's bore-sight angle, denoted by ϕ, as illustrated in Figure 3 .
We assume that each D2D user is enabled to find the direction of its intended peer, using AoA spectrum [9] , and steer its antenna bore-sight toward the direction of its receiver with a simple rotation around its location to transmit the maximum gain. Under the assumption of perfect alignment, each transmitter determines the direction of its receiver accurately. However, accurate beam alignment is not a practical assumption. Any error in estimating the AoA will cause the antenna array to point away from the desired signal and will lead to a reduction of the received power of the desired signal.
Beam alignment error-Each D2D transmitter determines the AoA (orientation) of its receiver with an additive error, denoted by ε i . The alignment error is measured relative to the transmitter's antenna bore-sight angle and characterizes the angle between the actual and estimated bearing of the receiver, as shown in Figure 3 .
In this work, the AoA estimation error is characterized by two different random variables, namely, uniform and normal distributions. The uniform distribution is used to model the scenario where our knowledge about the estimation error is limited to the error bounds, and we have no prior information on error magnitude. Therefore, we assume that all error values between the minimum and maximum occur with equal likelihood. On the other hand, the normal distribution is used to model the scenario where we know some values of error are more probable (the ones near the mean value) than others. Note that according to the central limit theorem, the normalized sum of mutually independent random variables with finite variance is well-approximated by normal distribution. Hence, the beam alignment error which stems from multiple independent sources of uncertainty in the system can be modeled as a normal distribution.
Lemma 1: Given that the AoA estimation error is distributed uniformly, as ε ∼ U(−ε 0 , ε 0 ) with zero mean and |ε 0 | < π, the probability distribution function (pdf) of D2D transmitter's antenna gain is where
and κ = cos 2 ( τ ε0 2 ). Proof: As illustrated in Figure 3 , the alignment error reduces the antenna gain to G(ε), which is less than the antenna maximum gain, G(θ = 0) = G m . In order to characterize the antenna gain distribution, the cumulative distribution function (CDF) of antenna gain can be derived as
where G −1 (g) = 2 τ arccos( g Gm ). The pdf function in (4) is derived by taking the derivative of CDF function in (5) .
Lemma 2: Given that the orientation AoA estimation error is modeled as a truncated Gaussian distribution as ε ∼ N t (0, s 2 , −ε 0 , ε 0 ) and |ε 0 | < π, the probability distribution function (pdf) of D2D transmitter's antenna gain is
where
and ζ = 2 τ 2 s 2 .
Proof: Following the same procedure as proof of Lemma 1, the antenna gain CDF with Gaussian distribution misalignment can be written as
It is worth noting that beam alignment error would not change the distribution of interference, as the bore-sight angle of interferes are distributed uniformly and independently from the desired transmitter's signal. We will justify the accuracy of this assumption through simulations in Section V. (1) and (2), and the antenna gain pdf in (4) and (6), the SINR coverage probability for the typical receiver can be written as
IV. COVERAGE PROBABILITY Using equations
where σ 2 n = σ 2 P D C and I n = I P D C denote the normalized noise power and normalized aggregate interference, respectively. Notice that E[e −ρIn ] represents the Laplace transform of I n evaluated at ρ = γd α 0 g0 and can be written as
where 
where (a) follows due to moment generation function of Poisson distribution and also mapping the 2D Poisson point process, Φ L onto R + by letting x i = r i be the distances of points of Φ L from the typical receiver. δ = 2 α L , Γ(z) = ∞ 0 x z−1 e −x dx represents the Gamma function, and 2 F 1 (.) is the hyper-geometric function. Finally, ϑ = π τ 0 G δ m cos 2δ ( τ θ 2 ). Proof: Part of the Laplace transform of I n , denoted by χ(ρ), can be written as
Step (a) is from the series expansion of Γ(−δ, shGR −α ).
Step (b) follows due to the exponential distribution of channel gain, h, E[h k ] = Γ(k + 1).
V. NUMERICAL RESULTS AND DISCUSSIONS
In this section, we evaluate the performance of the mmWave D2D network using the obtained expression for coverage probability in (8) and (9) . The impact of antenna misalignment on the network performance, due to inaccurate AoA estimation, is captured using the antenna gain distributions in the presence of the error in equations (4) and (6) . Moreover, to validate our analytical results, we simulated a network similar to the one discussed in Section II. For our simulations, we consider an area of the size 10 km × 10 km which is -given the transmit power of D2D devices-large enough to avoid the boundary effect. D2D transmitters along with various size rectangular blockages are distributed in the area according to PPP. In addition, we assume that all the transmitters use a constant power for transmission. Table I summarizes the simulation parameters. To thwart the effect of noisy data, we used Monte Carlo simulation with 10, 000 iterations and averaged out the results. In the following figures, simulation results are represented by "+" symbol. Figure 4 , 5 and 6 show the SINR coverage probability of the directional D2D network in the mmWave band as a function of the SINR threshold, for three different scenarios, namely, perfect beam alignment, erroneous alignment with the Gaussian error distribution and erroneous alignment with uniform error distribution. Figure 4 demonstrates the impact of magnitude of error on the network coverage probability, with two different error magnitudes, i.e. ε 0 = 0.2π and ε 0 = 0.4π. It can be seen that the network coverage probability decreases as the error magnitude increases. Moreover, in case the ratio of error to antenna beam spread is bigger than one, ε0 π/τ > 1, the chance of transmission with zero antenna gain increases which degrades the coverage probability significantly. This evaluation indicates that big alignment error has a significant impact on network performance, and should not be neglected as in [10] , Normal error, s 2 = 9 Unifrom error Simulation Figure 6 : mmWave D2D network's SINR coverage probability vs. SINR threshold with τ = 3 and ε0 = 0.4π. [12] . Moreover, it is shown that the analytical results match the simulations with negligible gaps, which indicates the accuracy of equation (8).
In Figure 5 , we evaluated the impact of antenna beam spread on the network performance. In this simulation the ratio of the error magnitude to the antenna beam spread is fixed, i.e. ε0 π/τ = 1.2. It is shown that in case of perfect beam alignment and erroneous alignment with uniform distribution, the narrower antenna provides better coverage as it reduces the amount of multi-user-interference (MUI). However, in the case of misalignment with a normal distribution, for small values of SINR threshold, the wider beam provides better coverage than the narrower one. The variance of the normal distribution is considered constant (s 2 = 1), hence the same amount of error leads to a greater reduction in the transmitter's antenna gain for the narrower beam. This, however, has almost no performance gain for higher SINR threshold.
In Figure 6 , the impact of variance of the normally distributed error is investigated on network's performance. As the variance of error increases the coverage probability decreases. This is mainly due to the higher chance of non-zero transmission gain at smaller variance. Larger values of variance leads to higher variation in transmission gain, which eventually cause the coverage probability degradation. Moreover, the graph shows that Gaussian distributed error with s 2 = 9 almost matches the uniformly distributed error. It is intuitive, as truncated Gaussian distribution with large variance resembles the uniform distribution. Figure 7 shows the CDF of D2D transmitters antenna gain with Gaussian and uniform error distribution, with different error magnitudes, i.e. ε 0 = 0.2π and ε 0 = 0.4π. This simulation investigates the accuracy of Lemma 1 and 2. It can be seen that for ε0 π/τ < 1, antenna gain ranges from κG m to G m , while for ε0 π/τ > 1 it changes from 0 to G m . Figure 8 shows CDF of integrated interference in a directional D2D network with and without alignment error. As they are approximately matched, thus, our assumption on not considering the impact of the error on alignment is accurate. Figure 9 shows SINR coverage probability of D2D network as a function of the distance among D2D transmitter-receiver pairs for SINR threshold γ = −5 dB. It is shown that, increasing the distance of D2D pairs, degrades the performance of the D2D network with and without misalignment. However, in the presence of the misalignment increasing the distance drops the network performance even more, due to the decrease in transmitter antenna gain.
VI. CONCLUSION AND FUTURE WORK
In this paper, we proposed a mathematical framework to analyze the impact of AoA estimation on the performance of a mmWave D2D network. Based on the prior information we have about the error, the AoA estimation error is modeled using normal and uniform distributions. We have used stochastic geometry to provide a complete framework to analyze the D2D network performance in the presence of error in terms of the received SINR coverage probability, for which analytical formulas are derived. Simulation results show that the coverage of the network with erroneous beam alignment can be degraded by about 35% compared to the one with perfect beam alignment. Moreover, our simulations validate the analytical results discussed in the paper. Considering the significant impact of beam alignment error on the network performance, proposing a mechanism that corrects and compensate the beam alignment error using a feedback loop is a promising future direction. 
